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Four-terminal quantum resistor network for electron-wave computing
Diwakar Ramamurthy and C. H. Wu
Department of Electrical and Computer Engineering, University of Missouri-Rolla, Missouri 65409-0040
共Received 13 November 2001; revised manuscript received 9 April 2002; published 10 September 2002兲
Interconnected ultrathin conducting wires or, equivalently, interconnected quasi-one-dimensional electron
waveguides, which form a quantum resistor network, are presented here in four-terminal configurations. The
transmission behaviors through such four-terminal networks are evaluated and classified. In addition, we show
that such networks can be used as the basic building blocks for a possible massive wave computing machine
in the future. In a network, each interconnection, a node point, is an elastic scatterer that routes the electron
wave. Routing and rerouting of electron waves in a network is described in the framework of quantum
transport from Landauer-Buttiker theory in the presence of multiple elastic scatterers. Transmissions through
various types of four-terminal generalized clean Aharonov-Bohm rings are investigated at zero temperature.
Useful logic functions are gathered based on the transmission probability to each terminal with the use of the
Buttiker symmetry rule. In the generalized rings, even and odd numbers of terminals can possess some
distinctly different transmission characteristics as we have shown here and earlier. Just as an even or odd
number of atoms in a ring is an important quantity for classifying the transmission behavior, we show here that
whether the number of terminals is an even or an odd number is just as important in understanding the physics
of transmission through such a ring. Furthermore, we show that there are three basic classes of four-terminal
rings and the scaling relation for each class is provided. In particular, the existence of equitransmission among
all four terminals is shown here. This particular physical phenomena cannot exist in any three-terminal ring.
Comparisons and discussions of transmission characteristics between three-terminal and four-terminal rings are
also presented. The node-equation approach by considering the Kirchhoff current conservation law at each
node point is used for this analysis. Many useful logic functions for electron-wave computing are shown here.
In particular, we show that a full adder can be constructed very simply using the equitransmission property of
the four-terminal ring. This is in sharp contrast with circuits based on transistor logic.
DOI: 10.1103/PhysRevB.66.115307

PACS number共s兲: 85.35.Ds, 85.35.Be, 05.60.Gg, 03.67.Lx

I. INTRODUCTION

As our ability to fabricate extra-thin cross-sectional wires,
or electron waveguides, becomes a man-made reality, the
coherent electron wave can play an important role in constructing future computing machines capable of massive parallel processing that is similar to optical computing, another
branch of wave computing. Such interconnected electron
waveguides form a quantum resistor network 共QRN兲 in the
sense that the resistivity between any two locations in the
network is governed by the Landauer-Buttiker formulation1–5 in the presence of multiple elastic scatterers. A QRN
can be considered as interconnected electron waveguides that
consist of many nodes and bonds that connect two adjacent
nodes. Inside a bond, the propagation of electron wave is
quasi one dimensional at the Fermi energy at zero temperature. The electron wave for computing differs greatly from
the microwave or optical wave in terms of how inelastic and
elastic scatterings affect its propagation along the paths in a
network. The microwave can stay coherent over a large distance without suffering significant scatterings. The optical
wave is quite susceptible to Rayleigh and Brillouin scatterings. However, when an electron wave is used in a network
even in the elastic scattering domain, it is a highly reflective
wave along its intended propagation paths. This backscattering nature of the electron wave is clearly demonstrated by
Anderson localization theory.6 Thus there is always an
Anderson localization effect on any man-made QRN, just as
electrons are backscattered by those randomly located scat0163-1829/2002/66共11兲/115307共8兲/$20.00

terers in a disordered material. From the mesoscopic scale
down to the atomic scale, it is very important to note that
while the number of atoms may be large, it remains finite. In
other words, there is no single infinite limit. As the number
of atoms increases when a network is scaled up from the
smallest possible atomic-scale structure, several different
classes of physical behaviors can be gathered. The simplest
QRN is a two-terminal clean Aharonov-Bohm 共AB兲 ring. A
threaded magnetic flux can tune the transmission probability
from one terminal to the other. This transmission or reflection probability is a periodic function of the flux. In evennumbered rings, the periodicity is a single period of  0
⫽hc/e. However, for odd-numbered rings, it is a universal
double periodicity7 in contrast with the double periodicity
obtained from ensemble-averaged dirty cylinder ring as
shown by Ałtshuler et al.8 This indicates that even and odd
numbers of atoms on an AB ring can provide drastically
different physics. Just as even- and odd-numbered atoms in a
ring provide two different classes of transmission, the same
is true for even- and odd-numbered terminals. This is a key
point of our paper.
In the case of odd-numbered terminals, an equal-spaced
three-terminal AB ring has been studied before and useful
quantum circulator and logic function devices have been
found.9 A more general three-terminal AB ring has been investigated recently.10 We show that there are four basic
classes of three-terminal rings. In each class, there is a scaling relation. In other words, the same transmission behavior
can exist exactly in many three-terminal rings ranging from
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an atomic-sized ring to a mesoscopic-scale one as long as the
electron phase breaking length is even larger at low temperature. Thus, in three-terminal rings, it is possible to have a
total transmission of an input to an output terminal. But it is
not possible to provide an equal transmission among all three
terminals. From those transmission characteristics, electronwave computing schemes are then gathered. Basic logic
functions, such as IF-THEN, OR XOR, AND, and INVERT, can be
constructed from three-terminal rings of a specific class. This
is possible with the use of the Buttiker symmetry rule of the
transmission probability and the principle of the vector sum
of two inputs. Higher-order QRN’s, such as a half-adder or a
full-adder, can then be engineered from such basic building
blocks.
In this work, we probe further into the transmission behavior through a QRN with four terminals. Because a fourterminal AB ring has an even number of terminals, its transmission behavior can possess some features that cannot exist
in a ring of odd-numbered terminals. The central feature is
the equal transmission among all terminals, which has some
important applications.
Evaluation of the transmission probability through a fourterminal structure, despite the fact that it is quite a common
structure, has not been reported beyond a general description
of the symmetry rule by Buttiker.14 Here we show that there
actually exist three different classes of transmissions.
As for electron-wave computing applications, a threeterminal ring allows either one-input–two-outputs or twoinputs–one-output applications only. Four-terminal rings are
more versatile in applications. A four-terminal generalized
AB ring allows three different input-output configurations.
With a one-input–three-outputs arrangement, it is possible
for fanning outputs in multiplexing or branching applications. With two-inputs–two-outputs arrangements, not only
is it possible to investigate single-function logic gates as in
three-terminal rings, it is also possible to construct higherorder logic functions, such as a half-adder, in a single ring
instead of two rings. This two-by-two single basic block can
be used for routing electron waves or for computations in a
large multistage network, just like an optical network.11 Finally and most importantly, with three-inputs–one-output arrangements, the possibility of an even higher-order three-bit
computing, such as a full adder or one-dimensional cellular
automation array, can be realized as we will show here. In
this work we show that a full adder can be constructed using
two four-terminal rings. This kind of full adder is not only
much smaller in size: it also replaces the two dozen transistors needed in a traditional full adder.
The feasibility of electron-wave computing lies in the coherence of the wave over the distance needed for the computing. At low temperature, it is possible to transmit an electron wave through a network the size of which is one order
of magnitude larger than the size of a single ring without
damping the electron amplitude. This is demonstrated in a
recent experiment where the electron is shown to encircle a
two-terminal clean AB ring 6 times before the damping of
AB oscillations.12 We are concerned with propagation in a
massive parallel computing network. Thus the dc response of
a network is sufficient for our understanding. This is in con-

trast with a sequential computing machine, where a high
switching speed of transistors is important. Computings in a
large massive QRN perform mainly two tasks: a routing
operation and a logic function operation. Routing is normally
done earlier than the logic function because the electronwave amplitude can remain high after the routing. However,
the logic function must obey the Buttiker symmetry rule, and
hence a reduction of the wave amplitude is required. The
problem of unwanted reflections as well as the refreshing
requirement due to a weakened electron-wave amplitude in a
long multistage network can be solved by inserting threeterminal AB rings as quantum circulators and by the use of a
supply line concept that we have discussed in our earlier
paper.10 The great advantage of QRN’s for wave computing
is its possibility of a massive parallel processing capability,
which greatly reduces the software or instruction requirements. When many channels are used together, it is very fault
tolerant. It also has both digital and analog computing capability, which is very desirable.
Aside from showing the distinctive feature of transmission through four-terminal rings as compared to that of a
three-terminal ones, we note that a four-terminal structure
has many applications other than electron-wave computing.
Understanding transmission characteristics of a four-terminal
AB ring is also very important for the quantum Hall effect,
where the current is transmitted through two diagonal terminals when the voltage is maintained in the other two. A twodimensional array of those interconnected four-terminal AB
rings can be a good model for a quantum Hall effect measurement. Similarly, transport of electrons in organic or polymer chains is affected by even- or odd-numbered branching.
Most investigators use an S-matrix approach to analyze
the AB effect.6 Here we use a node-equation analysis developed earlier7 for the convenience of relating wave functions
among the four-terminal nodes. This is particularly useful for
very complicated networks. For each node point, there associates a linear equation, which can be easily written using the
rules summarized in Ref. 10. This reduces the analysis of a
QRN to the same level as one normally does from the Kirchhoff current law in elementary circuit theory. This is presented in Sec. II. The connection of our method to the
S-matrix method has been provided earlier.7 In our approach
here, all waveguides have the same cross section for convenience. This amounts to the case of strong coupling. If a
different strength of coupling is needed between terminals
and the ring, a straightforward Kirchhoff law can be modified to include those different cross sections joining at a node
point. The transmission characteristics of four-terminal rings,
their classifications, and scaling relations are shown in
Sec. III. Logic functions from various classes of the rings
and the principle of a vector sum for each logic function are
described in Sec. IV. Higher-order computing that can be
performed in a single four-terminal ring is also illustrated.
This is shown in Sec. V to show the importance of the
applications. Our view of those advantages in using
four-terminal QRN’s for wave computing is shown in the
conclusion, Sec. VI.
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and S is an integer corresponding to the Fermi energy.7 At
nodes B1, C1, and S1, there are no direct inputs and hence
we set D⫽⫺1 in Eq. 共1兲, so the appropriate node equations
for B1, S1, and C1 nodes are
共 cot kp⫹cot kn⫹i 兲  共 B1 兲 ⫺e ip  csc kp  共 A1 兲

⫺e ⫺in  csc kn  共 C1 兲 ⫽0,

共2兲

共 cot kn⫹cot km⫹i 兲  共 C1 兲 ⫺e in  csc kn  共 B1 兲

⫺e ⫺im  csc km  共 S1 兲 ⫽0,

共3兲

共 cot km⫹cot kl⫹i 兲  共 S1 兲 ⫺e im  csc km  共 C1 兲

⫺e ⫺il  cos kl  共 A1 兲 ⫽0.
FIG. 1. Generalized four-terminal AB ring, with the 共l, m, n, p兲
configuration of the four-terminal spacings. The four terminals are
labeled as A, B, C, and D and are connected to the ring at node
points A1, B1, C1, and D1, respectively. A threaded magnetic flux
is used to change the phase of the wave function at each node in the
ring.
II. NODE EQUATIONS FOR A GENERAL
FOUR-TERMINAL QRN

共1兲

Here D⫽(1⫺R)/(1⫹R) and R is the reflection coefficient
from node A1 to terminal A,

with r 0 as the radius of the ring, and E⫽ប k /2 is the
electron energy. For a free electron we have
2 2

冉 冊


2
S⫿
M
0

with
r⫽cot kl⫹cot km⫹cot kn⫹cot kp,
s⫽cot km⫹cot kn,
t⫽cot kl cot km cot kn cot kp,
u⫽csc kl csc km csc kn csc kp,

 ⫽cot kl cot km⫹cot kl cot kp⫹cot kn cot kp,
w⫽cot km cot kn,
y⫽cot kl cot kn⫹cot km cot kp,
z⫽cot kl cot km cot kn⫹cot km cot kn cot kp

From Eq. 共5兲, the wave function at each terminal node can be
obtained. The transmission probability from terminal A to
terminal S, 兩 t as 兩 2 , is then given by 兩  (S1) 兩 2 and also similarly for other terminals.
III. CLASSIFICATION AND SCALING RELATION
OF A FOUR-TERMINAL QRN

d 
⫽
r0 0

cos kd⫽cos

⫺4⫹4 共  ⫹y 兲 ⫹2w⫺2t⫹2u cos M  ⫹i 共 4r⫺s⫺3z 兲
,
⫺3⫹  ⫹2y⫹3w⫹i 共 2r⫹s⫺z 兲
共5兲

⫹cot kn cot kp cot kl⫹cot kp cot kl cot km.

共 cot kl⫹cot k p⫺iD 兲  共 A1 兲 ⫺e ⫺ip  csc k p  共 B1 兲

⫺e il  csc kl  共 S1 兲 ⫽0.

Equations 共1兲–共4兲 connect the wave function of each terminal node with that of its nearest-neighboring terminals. For a
nontrivial solution of the above four equations, the determinant must be equal to zero. This allows one to solve for D
and thereby to evaluate the reflection coefficient R. The expression of D can be written as
D⫽

A generalized four-terminal AB ring is shown in Fig. 1.
The four terminals are labeled as A, B, S, and C and are
connected to an AB ring of M nodes at node locations A1,
B1, S1, and C1 as indicated. The spacing of the four terminals is labeled as l, m, n, and p in atomic units of d, respectively. Therefore we will denote 共l, m, n, p兲 as the configuration of a generalized AB ring with threaded magnetic flux
for tuning the transmission behavior. Here we will write
down the four appropriate node equations for wave functions
 (A1),  (B1),  (S1), and  (C1) at the four terminal
nodes A1, B1, S1, and C1 using the approach described
earlier.7,10
We will consider that such a ring receives only one input
first, which is designated to be from terminal A. At each of
those four terminal nodes, a Kirchhoff law for conservation
of current must be satisfied. The rules are summarized in
Ref. 10.
At node A1, which receives an input, the node equation is

共4兲

The fact that there exist several different classes of AB
rings is very important for mesoscopic physics, where the
size of the ring and the number of terminals remain finite.
With the classifications come the scaling relation of each
class that relates the many different sizes of rings, from mesoscopic scale down to atomic scale, with the same transmission characteristics. In other words, there are no endless va-
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FIG. 2. Equal transmission in a 共2,2,2,2兲 class 共1兲 ring, which
occurs at flux  /  0 ⫽0. This class applies to all even numbers of
the 共l, m, n, p兲 set.

rieties of four-terminal rings. Because the size is finite,
whether the four configuration numbers 共l, m, n, p兲 are even
or odd becomes important.
Classification of a four-terminal ring is determined by its
transmission behavior due to the input, regardless which terminal is chosen as the input. The flux periodicity is always a
single period of  0 . However, the reflection probability can
be either single or double in periodicity, depending on
whether the value of M is an even or odd number.7,10 There
exist three basic classes of four-terminal rings according to
whether the four integers 共l, m, n, p兲 are even or odd numbers. The three classes out of five possible even-odd combinations of the four integers can be described as follows.
Class (1). There are two possibilities to form a class 1
ring. The first is when the values of 共l, m, n, p兲 are all even
numbers. This is characterized by having an equal transmission to all four terminals at a particular flux value in a period.
If l⫽m⫽n⫽p, then this equal transmission of 0.25 probability will occur at flux  /  0 ⫽0. This is illustrated in Fig.
2 for a 共2, 2, 2, 2兲 ring.
The second possibility is when the values of 共l, m, n, p兲
are three-even–one-odd numbers. In this case, equal transmission of all four terminals will occur twice in a flux period. This is shown for a 共4, 4, 1, 2兲 ring in Fig. 3. The
possibility of equally shared transmission is new, which can
happen in a four-terminal AB ring, but not in a three-terminal
one, and is important also for applications, including multiplexing.
The scaling relation for three-even–one-odd rings is such
that scaling up 共l, m, n, p兲 an odd number times will lead to
exactly the same transmission, but with the flux origin
shifted by 0.5. So we will denote this scaling rule as
共 l,m,n,p 兲  /  0 ⫽ 共 sl,sm,sn,s p 兲  /  0 ⫾0.5 ,

FIG. 3. Another example for class 共1兲 in a 共4,4,1,2兲 ring. This
class also applies to three-even-one-odd numbers of the 共l, m, n, p兲
set. Equal transmission of 0.25 occurs at two flux points in a period.

共 l,l,l,l 兲  /  0 ⫽ 共 l⫹2s,l⫹2s,l⫹2s,l⫹2s 兲  /  0 ,

共7兲

where s⫽1,2,3 . . . . In other words, all even-numbered and
equal-spaced rings will always have the same transmission
behavior.
Class (2). This class of rings applies to the ring configurations when 共l, m, n, p兲 are all odd numbers or when two are
odd and two are even numbers. The transmission behavior is
shown in Fig. 4 for a configuration of 共3, 3, 3, 3兲 and in Fig.
5 for 共2, 3, 2, 1兲. In those figures, the transmission probabilities are distributed over the entire period without a significant plateau. Because of this behavior, it will be difficult to
use this class of rings for logic functions in a large flux
range. The scaling relation for class 共2兲 rings can be expressed by

共6兲

where s⫽3,5,7,11, . . . .
In the special cast that l⫽m⫽n⫽p is an even number,
the scaling rule is furthered simplified to

FIG. 4. Transmission behavior for a 共3,3,3,3兲 class 共2兲 ring. This
class applies to all odd numbers of the 共l, m, n, p兲 set. Note that
transmission probabilities are distributed so that any logic function
can be satisfied only at a very narrow flux range.

115307-4
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output terminal with equal probability. The scaling rule for
this class of rings can be expressed by
共 l,m,n,p 兲  /  0 ⫽ 共 3sl,3sm,3sn,3sp 兲  /  0 ⫾0.5 ,

FIG. 5. Transmission behavior for a 共2,3,2,1兲 class 共2兲 ring. This
class applies also to two-odd–two-even numbers of the 共l, m, n, p兲
set. Again, the distributed behavior of transmission probabilities
is similar to that in Fig. 4. However, it is now possible to route
the electron wave entirely to a particular terminal and hence to
the end of a large network. This is shown for terminal S at a flux
 /  0 ⫽0.

共 l,m,n,p 兲  /  0 ⫽ 共 3sl,3sm,3sn,3s p 兲  /  0 ,

共8兲

where s⫽1,2,3 . . . .
Class (3). This applies to rings with three-odd–one-even
numbers among the 共l, m, n, p兲 set. The transmission behavior in this class is characterized by having a transmission
probability of 0.45 in two of the four terminals at two flux
locations. This is shown in Fig. 6. The flux values are typically located at  /  0 ⫽⫾0.25. Because the probability of
0.45 is very close to the maximum allowed value of 0.5 by
the Buttiker symmetry rule, class 共3兲 rings are very suitable
for logic functions that require two inputs to reach the same

共9兲

where s⫽1,2,3 . . . .
We note here that the transmission characteristics of any
fabricated four-terminal ring will likely fall into a particular
class dominantly among the three possible classes. In summary, the transmission of electron wave through fourterminal AB rings due to one input can be characterized as
possessing the possibility of an equally shared transmission
probability of 0.25, as in class 共1兲 rings, or the possibility of
basically two dominant terminals that share a transmission
probability of 0.45 each, as in class 共3兲 rings, or the possibility of distributed transmission probabilities without a significant plateau, as in class 共2兲 rings. By comparing the results with our three-terminal AB rings before,10 we found
that there are overlaps of three-terminal and four-terminal
rings in terms of their transmission characteristics. Class 共3兲
of four-terminal rings is similar to class 共2兲 and class 共4兲 of
three-terminal rings with an equally shared transmission
probability of 0.45 each for two of the terminals. Those rings
are useful for logic functions. Class 共2兲 of four-terminal rings
is similar to class 共3兲 of three-terminal rings with all distributed transmission probabilities. It is difficult to utilize those
rings for logic applications. Unique to four-terminal rings is
the possibility of an equally shared transmission probability
of 0.25 among all terminals as in class 共1兲 rings. There is no
counterpart of the 1/3 probability that characterizes an
equally shared transmission in three-terminal rings. This
equal sharing characteristic, which provides multiplexing,
branching, or fanning, as well as full-adder capability, can
exist only in four-terminal rings. On the other hand, class 共1兲
of three-terminal rings provides a unique character that allows routing of an input completely to one of the two possible output terminals. There is no counterpart in the fourterminal rings. In a large QRN, some rings are used for the
routings of inputs to different locations and some are for
performing logic functions locally. They have to be constructed accordingly from a proper class of three or fourterminal rings.
IV. LOGIC FUNCTIONS FROM FOUR-TERMINAL QRN’s

FIG. 6. Transmission behavior for a 共3,3,3,2兲 class 共3兲 ring. This
class applies to three-odd–one-even numbers of the 共l, m, n, p兲 set.
Note that the transmission probabilities are at 0.45 at two flux locations  /  0 ⫽⫾0.25.

Once the transmission behavior of four-terminal QRN’s is
understood from the one-input point of view, then it is easy
to know the corresponding behavior when two coherent inputs are present, as in many logic functions. The transmission probability for any output terminal can be evaluated
using the sum of two output vectors at the terminal due to
two individual inputs.
If the two inputs are from terminals A and B, the output to
terminal S is simply 兩 t as ⫹e i ␣ t bs 兩 2 , where ␣ is the relative
phase of input B with respect to input A.
This shows that the two output vectors at a given terminal
can be rotated with respect to each other at any angle by
changing the input phase ␣. Therefore, when we allow two
equal output vectors to line up in the same direction or in the
opposite direction, or form a 60° angle, the results of which

115307-5

PHYSICAL REVIEW B 66, 115307 共2002兲

DIWAKAR RAMAMURTHY AND C. H. WU

FIG. 7. Transmission plot for the 共3,1,5,4兲 ring showing OR-gate
behavior. The two coherent inputs are from terminals A and B 共see
Fig. 1兲. The outputs at terminal C due to two individual inputs and
the combined inputs are shown. The phase factor of input B with
respect to that of input A is ␣⫽/3.

will be such that we have a completely different kind of
useful logic functions. In digital systems, the evaluation of
outputs for a logic function device can rely on one of the two
measurement methods. The first method is to set a threshold
value of output in order to distinguish high and low transmissions. The other method is to measure the transmission
ratio between two output terminals, so-called on-off ratio, in
order to establish which terminal has the high transmission.
For a robust logic function, the valid range of threaded magnetic flux must be reasonably large. When the QRN is used
for logic operations, it is important to utilize the Buttiker
symmetry rule first. This will greatly simplify the search
from all possible four-terminal rings. Since each class of
rings has its distinct transmission characteristics, it is then
very easy to narrow down to a particular class for a specific
logic function. Some useful logic functions are summarized
as follows.
共1兲 Logic OR-gate function. The principle of an OR-gate
function is to use three equal-sided triangle vectors among
the two individual outputs and the vector from the sum of the
two. In Fig. 7, an example of a 共3,1,5,4兲 ring in class 共3兲 is
shown. The three output vectors are obtained when input A
⫽1 and B⫽0, A⫽0 and B⫽e i  /3, and A⫽1 and B⫽e i  /3.
Here input B is given an extra phase of ␣⫽/3 so that a
near-equal-sided triangle can be formed. In each of the three
situations, the transmission is high at 0.45, close to the maximum of 0.5 at  /  0 ⫽0.25.
共2兲 Logic XOR-gate function. The principle of the XOR
function is to obtain two equal but opposite output vectors so
that the sum of the two vectors is zero. Rotating one of the
two vectors can be provided at the input terminal just as in
the case in of the OR-gate function. This is shown in Fig. 8.
The phase of input from terminal B is adjusted to ␣⫽3/4
now to accommodate an OR-gate function.
共3兲Logic AND-gate function. The sum of two small output
vectors in parallel will result in a transmission probability

FIG. 8. Transmission plot for 共3,1,5,4兲 showing XOR-gate behavior. The same situation as in Fig. 7, except that the phase factor of
input B is ␣⫽3/4 to rotate one of the individual outputs so that the
sum of the vectors is nearly zero.

that is 4 times larger than the individual ones and hence an
on-off ratio of 4 is achieved. We show this in the CARRY
terminal of a half-adder, which is an AND gate, in Fig. 11,
below.
V. HIGHER-ORDER LOGIC FUNCTIONS

In traditional digital microelectronics, higher-order logic
functions are normally constructed from several basic logic
blocks. However, QRN’s may be able to offer higher-order
logic in a single ring. We will probe this possibility using the
following two examples.
Half-adder. With a four-terminal ring, two of them can be
used for a two-bit input and the other two terminals can be
used as sum and carry terminals for the results. This is shown
in Figs. 9–11. for a class 共2兲 ring with diagonal inputs. Note
that for the distributed transmission probabilities in class 共2兲
rings, the valid range of threaded flux is now very narrow.

FIG. 9. Half adder configuration for a four-terminal QRN.
Note that the two inputs are diagonal. Terminal B is used for
output ‘‘carry’’ and terminal S is for output ‘‘sum’’ for a half-adder
operation.
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FIG. 10. Transmission amplitude plot showing SUM terminal
behavior of a half-adder for configuration 共2,1,3,4兲 with a phase
difference of /4 between the inputs applied at alternate terminals A
and C.

This is pointed out by Landauer13 that imposing too many
conditions on a single quantum device will result in having a
very narrow range of operation. Nevertheless, this example is
provided to show this possibility.
Three input logics. With a four-terminal ring, three of
them can now be used as inputs and the fourth terminal
serves as the only output, which is the sum of three individual output vectors. This output can then be used as a
‘‘sum’’ or a ‘‘carry’’ operation of a full adder, for example. If
the three output vectors are such that they are all in parallel,
but one of them is in the opposite direction, then a ‘‘sum’’
operation from the fourth terminal is possible. This is shown
in Fig. 12. Note that for full-adder operation, only seven of
the eight conditions can be satisfied here. The last condition
共curve 5 in Fig. 12兲 can also be satisfied if we further attach
an ‘‘enable’’ circuit, shown in Fig. 13, at the C terminal

FIG. 11. Transmission amplitude plot showing CARRY terminal
behavior of a half-adder for configuration 共2,1,3,4兲 with a phase
difference of /4 between the inputs applied at alternate terminals A
and C.

FIG. 12. Transmission plot satisfying seven of the eight input
conditions of a full adder for configuration 共2,2,2,2兲. The three inputs are from terminals A, B, and C, and terminal S is used for the
result ‘‘sum.’’ Note that in curve 5 when A⫽1, B⫽1, and C⫽0, the
transmission probability is not zero. A scheme with a two-terminal
AB ring attached to terminal C that ‘‘enables’’ the cancellation of
the two individual output vectors is described in Fig. 13.

entrance of the four-terminal QRN. This enabling circuit is
such that the magnetic flux of the one-terminal ring in Fig.
13, called the phase valve in Ref. 7, is activated only when
there is an input at terminal A. The input vector C is then
modified 共now designated as C ⬘ in Fig. 13兲 from this circuit
so that C ⬘ is exactly in the opposite direction from its normal
operation, which is the nonrotated vector C. This causes the
output from vector C ⬘ to cancel with the output vector from

FIG. 13. Enabling circuit that can be attached to any terminal to
change the phase or direction of an incoming wave. An incoming
electron wave from terminal C is routed to a equally spaced threeterminal ring 共quantum circulator兲 at  1 /  0 ⫽0.25 and is transmitted through terminal D into a ring at flux value  2 . Here  2 is
activated simultaneously with input at terminal A so that the phase
of the electron wave coming out of this ring can be adjusted to any
value. In the enabling circuit shown here, the output is rotated by
180° and is routed to the three-terminal ring. Therefore output C ⬘ is
turned around by 180° from input C.
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the A terminal, leading to a logic low operation 共as in curves
3 and 6 of Fig. 12兲. The ‘‘carry’’ operation can be easily
achieved using a sum of two or three vectors to obtain 4
times or 9 times the magnitude in the logic high operation.
Thus a full adder is possible with the two sets of fourterminal rings described above. A three-input logic operated
on an array of four-terminal rings could be a powerful cellular automaton machine also.

Useful physics of electron transmission through a fourterminal AB ring are gathered here before applications to
electron-wave computing are presented. Classifications and
scaling relations reported here for generalized four-terminal
AB rings show the importance of the finiteness of the ring
size to the outcome of the physics and consequently to applications to electron-wave computing. Thus, in mesoscopic
physics, a single infinite limit to the size or the number of
particles in the system cannot be approached. Even- and oddnumbered rings as well as the number of terminals, whether
it is even or odd, have distinctively different transmission
behavior. Thus here we present those new and interesting
rules that govern the elastic scatterings of electron waves in
multiply connected solid structures.
As far as applications of four-terminal AB rings for computing are concerned, we find great advantage in constructing a full adder, the basic unit in a computer. There is a great
reduction in size for such an important a logic circuit.
Electron-wave computing has the advantage of utilizing
its massive parallel processing power similar to that in optical computing. In addition, its small network size can offer
vast computing power unlike current microelectronics. A
small half-adder ring, possibly of a diameter of 100 Å or
less, can replace the eight transistors used in traditional digital microelectronics, which occupies a much larger area in a
semiconductor chip. When the interference principle of wave
computing is to be used to replace the switching principle of

transistors in sequential electronic computing, we show that
three- and four-terminal AB rings can be used as the basic
building blocks for constructing a multistage QRN. We note
that a QRN is not a passive or an active network. It is simply
a massive network that routes and reroutes electron waves
along the proper logical paths for obtaining desirable computing results. If the waves need to be refreshed because of
reflections or weakened wave amplitudes, supply lines can
be provided at proper places. The node-equation method
used here for evaluating the transmission behavior of a general four-terminal AB ring is similar to the Kirchhoff current
law in elementary circuit theory with great convenience.
Three basic types of AB rings are classified and the scaling
relations are provided. This allows one to simplify the search
for possible rings suitable in logic functions with the aid of
the Buttiker symmetry rule. The four-terminal QRN examples that we have shown here can provide one-input–
three-outputs, two-inputs–one-output, two-inputs–twooutputs, and three-inputs– one-output situations. Therefore,
computing tasks from simple multiplexing, basic logic functions to higher-order functions can be achieved using only a
single four-terminal ring in each case. A large QRN with
multiple inputs has to perform pure routings of electron
waves first and logic operations at later stage. By comparing
our earlier three-terminal results with the four-terminal ones,
it is evident that three-terminal rings are very convenient to
use for pure routings of inputs to different locations, while
four-terminal rings have the advantage of performing higherorder logic functions in a very simple manner. However, both
rings are equally useful in performing most simple logic
functions. While the transmission behaviors through fourterminal rings are discussed from the electron-wave computing perspective, our results here are general enough to explain the physical and chemical phenomena involving a fourwave mixing. Finally, we note that our quantum computing
theory here offers an entirely different approach as compared
to those spin-based computing theories by others.15,16
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